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(AST 461) LECTURE 1: Basics of Radiation Transfer

Almost all we know about the astronomical universe comes frofrom radiation ema-
nating from faint sources. We need to know how to interpret tis radiation.

Electromagnetic spectrum, wavelength and frequency

=c (1)
is frequency, is wavelength. The speed of light depends on the index of ra€tion.
Justi cation for Macroscopic Treatment of Radiation

Scale of systen>>  of the radiation, the radiation can been considered to traven
\straight lines" =rays. dA>> 2

Amount of energy passing through sourceA is in time dt is FdAdt whereF is the ux.
Units are (erg/cm.s) in CGS.

Flux from an isotropic source

Isotropic means energy emitted in all directions. Consid& di erent spherical surfaces
S;and S;. (g l)

FldAldtl = deAzdtz (2)

but dt; = dt, so that
F1=F, = dA,=dA; = r3=rs: 3)

This is the inverse square law.
Intensity

Flux measures energy from all rays in given area. A more dd&d approach is to
consider energy carried from individual rays, or sets of raydi ering in nitesimally from the
initial ray. (g 2.)
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dE = (K )l dAdtd d; (4)

where | is the Specic Intensity and represents Energy /(time area sold angle
frequency).

Now suppose we have an isotropic radiation eld. The dieretal ux at a given fre-
guency is
dF =(R m)l d = 1| cosd : (5)

But if | is isotropic, thenF =0.
Constancy of Intensity in Free Space:
Speci ¢ intensity is constant along a ray in free space.

Here's why: Consider all rays passing through botdA; and dA, and use conservation
of energy: (g 3)

dEl =1 ;1dA1dt1d 1d 1= dE2 =1 ;szzdtzd zd 2 (6)

Note that dt; = dt,, d ; = d ,. Note also thatd ; is the solid angle subtended bylA, at
dA; andd ; is the solid angle subtended bylA; at dA,. Thus we have

d 1= dAzer (7)

and
d 2 = dA1:r2: (8)

Thus
lia= 12 (9)

The intensity is constant along free space.
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Application to a Telescope (g 3.)

Assume large distance between object and lens>> f |, wheref is the focal length.
Determine image intensityl; given object intensity I 5. In nitesimal amount of surface area
of object dAg has intensity | . We have

lodAod 1.0 = loATdA=I?: (10)
whered 1.0 is the solid angle of the telescope as measured from &, of the object. All
photons fromdAy, must strike dA; on focal plane.

Thus
l0dAod 1.0 = 1odAAT=r?= 1;dA/d 1; = I;dAAr=f? (11)
but solid angle sub-tending image from telescope equalsidangle sub-tending object from
telescope so
dAo=r? = dA;=f? (12)
and as expected|; = 1.
Do telescopes measure ux or intensity?

If resolution of telescope is crude, and we cannot resolvejett, then we measure ux.
If telescope can resolve object, then we measure intensity.

Why? Consider the case when the source is unresolved. Now gime pushing the source
to farther distance. As the distance increases, the numbef photons falls asr?. The ux is
measured.

If instead the the source is resolved, then as the source issped farther away, more
area of the source would be included with the solid angle, vahi compensates for the the
increased distance and the collected number of photons reim#éhe same.

Flux from a uniformly bright sphere: read in text.
Relationship of Intensity to Stat Mech Quantities:

Consider photon distribution function f such that f (x;p;t)d®xd3p is the number of
photons in x; p space, with spin index .
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p = hk = (h =c)k (13)
SO
X2
dE= hf (x;p;t)dxd3p: (14)

=1

But photons traveling in direction K for time dt, through an element of arealA whose
normal = i, occupy

d®x = cdt(k n)dA (15)
and
d*p= p’d dp=(E?=)d dE=c=(h® 2=c)d d; (16)
where we have use = pcandE = h . Thus,
X2
dE = (R n) (h* 3=A)f (x;p;t)dAdtd d (17)
=1
SO
X2
I = (h* 3=)f (x;p:t): (18)
=1
In stat mech, the occupation number for each photon is
N = hf ; (19)
which is dimensionless so ,
X
| = (h 3=@)N (x;p;t): (20)
=1
Later we will see for example thatl corresponds toB , the Planck function for b-body
radiation. The occupation number corresponds tdl = (&' T 1) ! for Bose-Einstein
stats.

Radiation Pressure

photon carries momentump = E =c (g. 4)

Can compute pressure by considering incident photons retag o of a wall: The angle
of incidence equals the angle of re ection. The change in tlrecomponent of momentum of
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photon between frequency and + d re ected in time dt from areadA is

2
dpd =[(p)f (p)]d =(1=9(E cos ( E cos))d =(2=0E cosd = < | d dtdAcos? d
(21)
where we used (4). Now the change in momentum per unit area perit time is a di erential
force/area= di erential pressure. Integrating over solidangle gives the total pressure:
P P o’ cogd 229 2 % cogsindd 22
rad; — m - ( _C) co hem — ( —C) -0 =0 Cos sin : ( )
Now imagine removing the re ecting surface. Thus instead dhe factor of 2 in momentum,
we would have photons coming in from the other side. Thus wertaemove the factor of 2,
and integrate over the full sphere.
z z, z
Pag. = dp=dtdA=(1=9 | cogd =(1 =9 | cogsind: (23)
0

Energy Density in a Cylinder

Consider a cylinder of cross sectiodA. (g 5)

dE=u () dvdd = u () cdid dA = | dAd dtd (24)
so the energy density is
u()=(1=0: (25)
Then z z
u= u()d=@1=0 Id=4 1-=c (26)
For isotropic radiation eld
I =1 (27)
Note also that the pressure for an isotropic radiation eldfom (23) and (26) is
z z 12
P=(1=9 Il cosgd =(T =0 cofd = = ud: (28)

3
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LECTURE 2
Equation of Radiative Transfer

Condition that | is constant along rays means that
dl =dt=0=@ +ck r 1 ; (29)

wherek r = dl =dsis the ray-path derivative. This is equation is the statementhat there
are no sources or sinks. But real systems may have sources aim#fs: emission (source) and
absorption (sink).

If light travels past a system much faster than the time scaldéor which the system
evolves then@ ' 0 and we have then

dl =dt=0= ck r I = dl =ds=sources sinks (30)
whereds is the path. We now construct the source and sink terms in thisadiative transfer
equation.

Emission coe cient (source)

Spontaneous emission coe cienj is de ned as the energy emitted per unit time per
unit solid angle, per unit volume per unit frequency

dE = j dvd dtd; (31)

wherej has unitserg=cn? steradian sec hz. The emissivity isdenedas =4j =,
where is the mass density. Sinc&lV = dAds, the \source" contribution to the radiative
transfer equation is given by

dl =] ds: (32)

Absorption coe cient (sink)

Consider the propagation of a beam through a cylinder (aggimf cross sectiordA and
length ds, populated with a number densityn of absorbers (particles), with absorption cross
section . (g ®6)
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The loss of intensity, or the energy absorbed out of the bears given by
dE =(l;. Iy )dAd dtd =1 (n dAds)d dtd: (33)
Thus the \sink" contribution to the radiative transfer equation is
d = n |ds: (34)
The absorption coe cient  is de ned such that
dl = | ds; (35)

so =n and is units ofcm ! Sometimes it's written = , where is the mass
density and is the mass absorption or \opacity" coe cient. Note that the emission and
absorption coe cients have di erent units. Also, note that absorbing particles are assumed
to be randomly distributed and much smaller than inter-paricle spacing.

The term \absorption" is used somewhat loosely: Stimulate@mission is also included
in the absorption coe cient because it is proportional to the incident intensity.

We have thus derived the radiative transfer equation which gvwill soon solve:

dl =ds= I+ (36)

Solutions of Equation of Radiative Transfer

A primary goal is to see what the values of andj are for di erent absorption and
emission processes. Scattering complicates things sinadiation from the initial solid angle
is scattered into a di erent solid angle for which the scatte depends on the initial solid
angle, so we need numerics. Consider some simple cases here.

Emission Only:

dl =ds=j ; (37)

where the solution is Z
1 (8)=1 (so)+ | (s9)ds’ (38)

So
Intensity increase is equal to the integrated emission coeient along the propagation path.

Absorbtion Only: Then j = 0. In this case
z

| ()= | (s)Exp[  (s9dsd: (39)

So
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The intensity decreases exponentially along the ray path.

Optical Depth

De ne
d = ds; (40)
or Z
(s) = (s)ds® (41)
So
The optical depth is measure of how transparent a medium is t@diation. For 1 the

medium is optically thick, and for < 1 the medium is optically thin. We rewrite the
transfer equation (36) as

dl=d = | +S; (42)
where we de ne the source functiord j = as the ratio of the emission to the absorp-
tion coe cient. Optical depth is a physically meaningful variable because it contains the
information about transparency along the path.

Now solve (42) by integrating factor: Multiplying by e , we obtain:

dll e )=d =e S; (43)
so the solution is 7
le =1 O+ S(%°d?° (44)
or Z
=1 ©@e + S % ¢ g (45)

The right side is the sum of the initial intensity attenuated by absorption, and the second
term is the emission source attenuated by absorption. For aomstant source function we
have

| =1 0e +S@A e )=S+e (I (O S: (46)
At large optical depth, | ' S . Why? because the source function is the local input of

radiation{little is contributed to the to | from matter far from the location of interest when
>> 1.

Note also that there is a relaxation process (evidenced by2pwherel tends toward
the source function: Ifl >S ,thendl =d < 0. Ifl <S ,thendl =d > 0.

Mean Free Path

Interpreting the exponential in(39) (which equalse ) as the probability of traveling
an optical depth , the mean optical depth traveled
Z,

hi= e d =1: 47)
0
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The associated mean free path (MFP) is
| =hi= =1=n : (48)
MFP is important concept for particles as well as radiation.
Thermal Radiation and Blackbody Radiation
Thermal radiation is radiation emitted from matter in thermal equilibrium.
A blackbody absorbs all incident radiation.

Blackbody radiation is radiation which itself is in thermal equilibrium and in thermal
equilibrium with surrounding matter.

Consider a thermally insulated box kept attempT. | =1 (T) = B , the Planck func-
tion for such a black body box. Dependence only on temperatican be seen by considering
two connected boxes at sam&. Energy cannot ow without violating second law. Thusl
is same in both boxes.

| is isotropic because otherwise there would be a net energywdrom one part of the
box to another which is not possible when entire system is aniform T.

For a blackbody,
oh 3=@
Explh=kT] 1’
the Planck function, and is only a function of the temperatue and frequency.

| =B (T)= (49)

Kircho 's Law

Put thermally emitting material at temperature T, and source functionS (T) in the
box.

If S >B then the intensity | will tend to increase suchthatt >B andifS <B
then the intensity I < B . But in equilibrium, the new box is still a blackbody, and so
S =B or

j = B (50)
which is Kircho 's law for a thermal emitter. In general, Kircho s law relates emission to
absorption.

Consider again the radiative transfer equation (42) witl5 = B :
dl =ds= I + B (T): (51)

For a black body (or for free space) the left side is zero, anttdus| = B . For thermal
radiation in a not necessarily optically thick system, the dft side need not be zero for
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example if the source function temperature changes rapidlyith position and | cannot
keep up. Thermal radiation isS = B whilst blackbody radiationis| = B .

Blackbody Thermodynamics

The text derives some results: The Stefan-Boltzmann law fahe energy density:
u(T) = aT?; (52)

. R .
wherea is a constant. Recall from (26) thatu = ‘% B (T)d forl = B . The integral of
(49) over frequency iB(T) = (ac= )T4 wherea=8 5k*=15c%h3.

Now the ux from an uniformly bright, isotropically emittin g sphere of brightnes8
is given by

z Z,
F= Bcosd=2 B cosd(cos)= B (1 cog )= B sin? .= B (R%=r?);
COSs ¢

(53)
where . = arcsin(R=r), R is radius of source, and is distance to the source. Ar = R,

F = B , Then 7
F= Fd = B(T); (54)

and the total ux for a blackbody

F=T% (55)

where =0:25ac=5:67 10 Serg cm 2 °K “sec ?.
Properties of the Planck Law
1. Rayleigh-Jeans (RJ) limit

Taking the h << KT limit of the Planck law of (49) we expand the exponential and
obtain
BRI(T) 2 %kT=¢&; (56)

which is the Rayleigh-Jeans limit. This usually applies inhie radio regime. It is the classical
regime. It cannot apply to all frequencies, because integinag would imply total energy
divergence.

2. Wien Limit

If we take the limit h >> kT we have
BRI(T) 2(h 3=)e "7T; (57)

which is the Wien regime.
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3. Temperature derivative

A blackbody curve with the higher temperature is always coniptely above a curve with
a lower temperature. This follows from the temperature devative of B (T).

4. Wien Displacement Law

Peak frequency can be found by maximizing by setting @B=@ = 0, which leads to
max =T =2:8%=h=5:9 10°Hz="K (58)

Peak frequency shifts linearly with the temperature. Thiss the Wien Displacement Law.
Same can be done for wavelength to nd

max T = 0:29@m°K: (59)
Note that ax max & C. Can see that the Rayleigh-Jeans law is valid for<< .
Other temperatures commonly used

1. Brightness Temperature

This is de ned by the temperature of the blackbody having thesame brightness (=in-
tensity) at that frequency. We de ne it by

| =B (Ty): (60)

In radio astronomy one often sees this formula in the Rayldigleans regime lf << kT ).
One has there
Ty = (=2 %K)l (61)

and for thermal emissionS = B 2 2kT=¢&. In the RJ regime we can then se6 = B
in (46) and divide that equation by 2 k= to obtain

Tp=Ty0e +T@A e ): (62)
Ty T for >> 1.

Only if source is a blackbody is the brightness temperaturdé same at all frequencies.

For optically thin thermal emission, brightness temperatte gives lower temp than that
of the actual source; this is because a blackbody gives mawxim intensity of thermal emitter
at temperature T. (to see this use (61) withT,(0) = 0).

Why is this?: A body which is not optically thick can be though of as a system that
is not fully \black" and absorbs less than a blackbody. If ths system were in thermal
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equilibrium, then its emission must equal its absorption. Bt if it absorbs less than a
blackbody it must also emit less then a blackbody to remain iequilibrium.

2. Color Temperature

The color temperature is the temperature obtained by ttinga blackbody shape to an
observed, approximate blackbody ux.

3. E ective Temperature

This is obtained by setting the observed ux to that of blacklody form from the Stefan-
Boltzmann law. That is

Tert = (F= )™ (63)
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LECTURE 3
Einstein Coe cients

Kircho 's law relating emission to absorption for a thermal emitter must involve mi-
croscopic physics. Consider system with two energy stateghwstatistical weights g; and g,
respectively. Transition from 2 to 1 is by emission and from-2 by absorption. State 1 has
energyE and state 2 has energf + h .

1: De ne the Einstein A,; coe cient as the probability per unit time for spontaneous
emission.

2: The absorption of a photon/ density of photons or the mean intensity at frequency
o- Energy di erence between two levels is not sharp, but broahed, and so we also need
to consider the line pro le function obeying ¢ ( )d =1. This is usually quite narrow.
The transition probability per unit time for absorption is
Z 1
B12d = B2 0 I ()d; (64)

. . . . R . .
where B, is the Einstein B coecientand J =1 = | d =4 ), the intensity averaged
over solid angle. Herel  J , for narrow line pro les.

Derivation of Planck's law led Einstein to include stimulaed emission. It can be thought
of as negative absorption and has a coe cienB,; such thatB,;J is the transition probability
per time for stimulated emission, also proportional to thentensity.

Relation between Coe cients

Micro-physical relations that are independent of temperaire will hold regardless of
whether processes are in thermodynamic equilibrium or ndbut we can use case of thermo-
dynamic equilibrium to get at them when possible.

In thermodynamic equilibrium the number of transitions perunit time per volume into
state 1 are equal to the transitions out. In; and n, are number densities of atoms in states
1 and 2 we have

NiB12J = NyAy + NoByd: (65)
This gives
A21=By
J = ; 66
(n=np)(B12=By;) 1 (66)
where

ni=n, = (g1=gp)e" ™' (67)
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SO
A21=By;

J= :

(0:=0)(B12=B21)e" =T 1

But J B for thermodynamic equilibrium so we have the Einstein detkd balance rela-
tions which relate atomic properties

(68)

qB12= B2 (69)

and
Ay =2(h 3=A)B.;: (70)

These do not depend on temperature and must hold independgnbf thermodynamic equi-
librium. If we can determine any one of the Einstein coe ciets we get the other two.

Wien's law follows if you don't include stimulated emissionRecall that was theh >>
kT regime, son, << n ; and the stimulated emission term is small.

Absorption and Emission Coe cients in Terms of Einstein Coe cients

Assume that line pro le during spontaneous emission is sanas ( ) line prole. Then
j dvd ddt =(h =4 ) ( )n;AdVd d dt; (71)

so the emission coe cient equals

j =(ho=4 )n2Ax (): (72)
For the absorption coe cient the energy absorbed irdV and in dt is
z
dE = h on;B12(1=4 )dvdt | ()dd ; (73)
where we takedV = dsdA (the cylinder). Then usingdl = | ds for the absorprtion, we
have
:abs — (h 0:4 )n1812 ( ): (74)

Stimulated emission can be thought of as inverse absorptieo the full absorpion coe cient
is then
=(h=4)(niBz n2B2) (): (75)

Transfer Equation in terms of the Einstein Coe cients

dl =ds= (h=4)(niBiz n2B2) () +(h=4)nAxn (): (76)
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The source function is = and so
S = nNAxn=(n2B1z  Nn2Bay): (77)
Using the Einstein relations (69) and (70) gives
=(h=4)nBa(1  gun=gn1) () (78)

and
S =(2h =) (gni=gn, 1) - (79)

Masers/Lasers:

For a system in thermal equilibrium we have
ni=n, = (g=gp)e" ™' (80)

which implies
Ni=q > N,=@ (81)

But it is possible to pump atoms into the upper state to revers this relation. Then (75) (or
78) is negative, implying negative absorption. The intensi actually increases along the ray
path exponentially with the optical depth.

Many interesting maser sources in astrophysics. NGC4258dsgalaxy for which H,0
masers (22.235, 321..GHz) in the central region trace a Kephn warped accretion disk,
which has provided some of the best evidence for black holasnature.

Also, OH/IR sources: large cool giant star or supergiant stalosing mass rapidly in
winds and detected only in IR or masers in OH (1.665 Ghz). Carsa OH masers in these
sources to estimate their distances. The maser emissionelifrom the expanding wind shell
has a red and blue component because the near side part of thedvis moving at us, and
the far side is moving away (centered at the star). But variaifity in the stellar wind (i.e.
turning on and o rather than being steady) will show up with adelay between the red and
blue parts of the line due to the cross time across the sourc&ince radio telescopes can
resolve the angular diameter, we can get the source diametend thus the distance. More
explicitly, d = r= = ct=, whered is distance,r is the \wind span” t is the measured time
delay and is the measured angular diameter.

Scattering

So far we have ignored scattering. Scattering can be congielg an emission process
that depends on the amount of radiation incident upon the madm doing the scattering.
(Contrast: Thermal radiation does not depend on incident rdiation.)



{16

Consider electron scattering (scattering of photons by a®ons). Here we assume
isotropic, coherent (elastic) scattering. More elaborateoverage of these assumptions later.

The scattering emission coe cient is found by equating the pwer \absorbed"(think of
scattering as absorption and immediate re-emission) per wrvolume and frequency to the
power emitted isotropically

j = J: (82)
Where s the scattering coe cient (not to be confused with the cros section or Stefan
Boltzmann constant!) Note thatJ is angle averaged version df . This givesS = J and

dl =ds= a J): (83)

The solution cannot be easily extracted from (45). Considenstead thinking of the scatter-
ing, absorption and emission processes in probabilisticrtes for a single photon.

Consider a photon in an in nite homogeneous scattering remn. Displacement of photon

after N free paths is
X

R = lNa: (84)
a=1
where the sum is over free displacements, not vector indicéddean square photon displace-
ment is given by
. X .
|2 = rRZI = h lNa ral; (85)
a=1

as the cross terms vanish for isotropic scattering when treare a large number of scatterings.
(Book does not mention this requirement.) Each term of the sao on the right of (85)
contributes the mean free path squared, so we have

12 = NI? (86)

which indicates the mean square displacement of the photorof~a nite medium, we can
determine the number of scatteringdN. For large optical depths,N is found by setting

| = L, the typical size of the medium. so thatL=I = , the optical depth to scattering
and N ' 2. This is a largeN result only, because in deriving it we assumed that each
contribution to the sum on the right of (85) contributes the sme amount (and that cross
terms vanish). This is true only within an error of 1=N'2, so the error is small for large
N and large for smallN.

For small optical depths the probability for scattering is 1 e << 1, which is
equal to the expected number of scatterings in transversirtge medium. The reason is that
e is probablity for a photon NOT to scatter in trasversing an opical depth so1l e is
the probability to scatter. Think e.g. if = 1=5 then this implies 0.2 scatterings per system
size.
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LECTURE 4

Scattering + Absorption

Consider thermal material with absorption coe cient  describing thermal absorption
and emission and a scattering coe cient describing coherent isotropic scattering. The
transfer equation is then

dl=ds= (I B)+ @I I) (87)

The source function
S=( B+ J)= + ) (88)

is a weighted average of the thermal and scattering sourcenfitions. We can de ned =
( + )dsasthe di erential optical depth to both scattering and absoption, with extinction
coecient( + ).

Note limits that S = B forJ = B (e.g. at large optical depths) andS < B for
regions whereJ ! 0. (Note that both J and depend on the presence of matter but not
necessarily to the same functional powers).

Random Walk for Combined Scattering and Absorption
Mean free path to both scattering and absorption
l =1 + ): (89)
The probability that a free photon will be absorbed rather tlan scattered is
= = + ) (90)
and the probability for scatter is the single scattering albdo, and equals 1

Consider again a homogeneous in nite medium: For large nurab of scatteringsN per
absorption, N also equals the mean number of free paths before absporptemd the inverse
of the probability of absorption. The RMS net displacement bthe photon is then (recall
(85)

2= NI?2=12= =1=( ( + )): (91)

Here | is the net displacement for a photon from creation to absormn. It is the
\e ective diusion length." because the photon takes a stobastic path to move this net
distance before being absorbed. If we think of this di usiohength as a kind of \modi ed
mean free path" then The \e ective optical depth"

=R=l =[ 4(at I (92)
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where R is scale of system. When << 1 we have a transluscent medium. Why not
transparent?. Because there can still be a lot of scatteringA transparent medium would
also be translucent by this de nition, the former being a stonger constraint in that addition
to not being absorbed, there would be little scattering. Trasparent is both ¢ << 1 and
a<< 1.

Note however that the analysis that led to (92) above reallyssumes multiple scatterings

and is most applicable when ¢ >> ¢ in which case ﬁ

For << 1 the monochromatic luminosity from a thermal source wouldust be deter-
mined by the emission coe cient:

C =4j V=4 BV: (93)

For >> 1 thermal equilibrium between matter and radiation is reackd, and in
addition, the emission comes only from a thin layer of orddr, on surface of areaA. Thus

L' 4 BIA=4 ¥BA: (94)

This does not quite reduce to a black-body for zero scattegn(i.e. = 1), so numerical
factor is not quite accurate. One part of the reason is that> = 17 + 12+ 12 3IZ, and

since the radial direction in a star for example, corresposdo only 1 of the three directions,
rather than usel in (94) we should usd =3'2.

Note that at > 1 matter and radiation approach thermal equilibrium, thusl is also
called the \e ective thermalization length."

Radiative Diusion Equation

Source function becomes black body at large e ective opticdepths for homogeneous
systems. Global homogeneity is not realistic though localomogeneity may be OK, as in
the Sun or stars.

Consider \plane parallel" assumption: properties of an atiwsphere depend only on
depth. Assume planar geometry. Intensity then depends on gle from normal such that
ds= dz=cos dz= and

@l (z; )=@z ( + )I S): (95)

If we consider a region deep in the atmosphere, the intensiaries slowly on scale of mean
free path. Intensity approximates a blackbody but with smdlvariation. We describe this as
follows: To zeroth order incos we have

1@ =30 =59 =8 (T): (96)
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Then we iterate and plug the next higher term back into (95), hat is

@RT)
+ @z

1D B (T) (97)
The ux is then
Z Z

F()' 19z )cosd =2 lll(l)(z; yd = 4 @B(T) @T

3( + ) @T @7

where the rst term on the right of (97) does not contribute die to isotropy. Integrating
over all frequencies, we have

(98)

4 @T41 ,@B
F(2)' ——= + e~
@' Fgz. ( * ) g (99)
Note that
Z, Rie v y1esq Z3 Z1
(+ )@= ol Joer® P08 17108 (1)
0 @T 0 ‘grd o @T R 0 @T
where g is the Rosseland mean absorption coe cient g. But
——d = T=@T=4T 3=; 101
, @fd - @&N-@ (101)
using the Stefan-Boltzmann law. Thus
16T 3 @T
F(z) = = 102
@= 5 g (102)

Key properties: 1) Flux increases with decreasing temperae gradient. Makes sense since
isotropy gets progressively violated at larger radii (near to the stellar surface). 2) Radiative
energy transport is similar to heat conduction.

Absorption Lines vs. Emission lines, & Limb Darkening

From (88) and (90) above we have the source function
S =(1 )J + B: (103)
Ignore scattering for the moment, and assume thermal emiesi We are back to
S =B: (104)
Recall solution of radiative transfer equation in this casewe have from (46) forl (0) =0

| =B (1 e ) (105)
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For small optical depths, this goes as
I ' B; (106)
so the intensity is larger in lines where the optical depth itarger.

But for a source with 1, we do not see the whole source, only the layers which
are optically thin. The temperature decreases outward in a etdium whose optical depth
decreases with radius. We are then looking at layers of lowemperature for lines, since the
lines' optical depth is larger for a given distance of ray tngel when compared to the contin-
uum. Thus we would see absorption lines for large optical digyig in a system with radially
decreasing temperature because the intensity for a higheemperature blackbody exceeds
that of a lower temperature blackbody at all wavelengths. Its important to emphasize that
the minimum trough of an absorption line does not go to zero imtensity|just to a value
lower than the continuum that would be present in the absencef the line.

For a point source emitting I (0), located behind a emitting and absorbing region in
local thermal equilibrium we would have

| =1 (0e +B(@1 e ) (107)

When | (0) is brighter than the foreground (assuming that here increases toward the
observer) ( (0) B (T))e decreases with increasing optical depth. Since we see into
the star less deeply for the line frequencies, the line emas is dominated by outer regions
whose local black body has a lower ux.

A related issue explains limb darkening. White light image foSun shows edges darker
than center because the edge view penetrates less deeply iBun for given optical depth,
and thus sees emission coming from regions of lower temperatthan the face on view.

Eddington Approximation

Rosseland approximation employed the fact that system appached black body at large
e ective optical depths. Eddington only assumes isotropythus is good at smaller optical
depths. We write a power series in = c0s

L(; )=a()+b(): (108)

If we take moments of this equation we obtain

141

J== 1d =a (109)
2 1
141

H | d = b3 (110)

"2 .



K =2 2l d = a=3: (111)
2 1

The fact that K = J =3 is the Eddington approximation, and is equivalent top = u =3
found in rst lecture. The relation is found here for a more geeral system with slight
anisotropy.

Writing d (z)= ( + )dz (note sign here) we then have

dl =d =1 S; (112)
wheredz = ds. Hereds is along the ray path anddzis the vertical direction through the
slab. Then taking moments in and integrating from 1 1 we get

dH=d =J S: (113)
and 1

dK =d =H = édJ =d: (114)

Combining these last two equations we obtain
d?J=d?=3(J S)=3 (J B); (115)

where the latter eq. follows from (88) and (90). If does not depend orz, we can write
this
d?J=d?=(J B): (116)

9
using the e ective optical depth = P 3 = 3a(at s) keeping in mind the discussion

below (94).

These are forms of the radiative di usion equation. If we havB ( ), we can solve for
J and getS from (88) if the matter properties of the medium are known (desity, cross
sections). Then we have what we need to solve (112).

Text goes onto discuss two-stream approximation, for obtaing the two boundary con-
ditions. Assume the radiation propagates at two angles = | (; = 1=3%2). Then
plug into the moment equations (109) and (110) toged = (1" +1 ), H = #=(1" 1),
K = J=3, and use (114) to relate eliminateH. This then gives two equations for the
boundary conditions

Y=+ p%@J:@ (117)

and 1
I =J p—é@J:@: (118)
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The reason for this odd choice of is that it reproduces exactlyK = J =3, the Eddington

approximation.

Moments
Consider integrating the intensity over various vector muiples of k. We have
z
cu= 1d (119)
and Z
F = kid (120)
z
cP = Kkkl d: (121)

From uid mechanics or E&M, di erent components of stress tasor refer to rate of mo-
mentum transfer across surfaces of di erent orientationsRate of momentum transfer per
photon across surface of unit normak is is &kp. Thus the total rate of momentum transfer
is given locally by the radiation stress tensor

X2 Z X2 Z z
p= cRpf d¥p= RR(h* 3=)f d d =(1=9 RRI d d (122)

=1 =1

The total derivative of | obeys
z

@ +@=k rl = |+ |+ ( R:K91 (k)d © (123)

Compare this more general form to (87): In our previous disegions we have ignored the

1st term on the left and replaced the last term on the right wih  J . If we integrate over
all solid angles of photon paths, we have, for \front back symetric scattering"

@ +r F = c u+4j : (124)

The next highest moment is obtained by multiplying (123) byk and integrating over
solid angle, assumingj( is independent ofk) to obtain

@ +c P = ( + )HF: (125)

Note that right side represents a radiation force on matter(Sink for radiation energy/momentum
appears as source for matter energy/momentum and vice versRemoval of radiation mo-
mentum means gain in momentum of matter.) Note that to fully slve the system of equa-
tions, one needs an in nite set of equation because each etjoa depends on a higher
moment. This is the closure problem. (Also found in turbulece and MHD).
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The Eddington approximation, combined with the approximaton that the systems
evolve on time scales slower than the travel time associatedth a mean free path (e.g.
ratio is 10 28) for sun, allows ignoring the time derivative terms.

Note the general form of conservation law:

@(quantity density + r  (quantity flux ) = ( quantity sources quantity sinks) (126)
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LECTURE 5

The rst four lectures discussed general properties of raation transfer and the some
aspects of the specic case of a blackbody. The rest of the cse builds up to trying to
understand the physics behind the emission, absorption, drscattering coe cients of real
systems, and how this relates to the material constituents.

Basic E&M

The electromagnetic force on a particle moving with velogitv and chargeq is
F=qgE+v B=0; (127)
whereE and B are the electric and magnetic elds. The rate of work done is
v F=d(mv?=2)=qv E: (128)

For many particles the force density is

f= (E+] B=c; (129)
P . . . .
where . = N, is_the total charge density (sum of charge times number densiover
particle type) and j = ,unaVva. Rate of work per unit volume is then
X X _
fa Va= hava E=j] E: (130)
a a

The rate of work done per unit volume is the rate of change of rdeanical energy density:

OtUmech = | E: (131)
Maxwell's Equations
r D=4 . (132)
r B=0 (133)
r E+c@=@t0 (134)

r H cl@=@t4 j=c: (135)
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HereD = E. This comes from
D=E+4 P (136)

P - . o . .
where P =, n,hpai is the electric polarization= dipole moment density averagd over
spatial region. (Note dipole moment is  x%x9. For linear response, we také / E or
P= Eso

D=(1+4 )E E; (137)
where is the permittivity=dielectric constant.
Similarly, for B = H. HereH is the applied eld and we have the magnetization
M = .naim.,i, where the dipole momentisn = x° jd®x° For linear response materials

M mH. This leads toB = H,where =1+4  is the magnetic permeability. and
m IS the magnetic susceptibility.

For the vacuum,B = H andD = E
Conservation laws of E& M
The law for charge conservation is

@+r j=0 (138)

Let us now derive the Poynting theorem of electromagnetic ergy conservation. Use
Maxwell's equation (135) and dot withE. This gives

j E=(1=)[c(r H) E E @D] (139)
Now use a vector identity on the rst term on the right:
Er H=HT Er (E H): (140)

(prove using index tensor notation and jx tensor). Use Maxwell's, equation (134), and
assume the dielectric and magnetic permeability are indepaent of time to get

(1=4 )@ E?+B*=)= j E (c4) (E H) (141)
This is Poyntings theorem. If we integrate we can see its trumeaning:
z z z
(1=4 Y@ (E?+ B2=)d* = j Ed®®x (c4) (E H) dA; (142)

where we use the divergence theorem on the last term. This si®that the change in
electromagnetic energy equals that lost to work plus that wing out the boundary. S
cE H=4 isthe Poynting ux. Itis the energy ux vector (energy per unit time per area).
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Note that it is possible to put the material currents into a rele nition of j and . so
that the constants do not appear in the time derivative term 6(142).

De nition of Radiation Field

R
For electro/magnetostatic elds E and B fall as 1=r?. Thus at large distances S dA
goes as r4,

However for time varying elds, we will nd that there are components ofE; B that are
[ 1=r, and so the Poynting ux from these terms is nite are large dstances. This is the
de nition of the radiation eld.

Plane Waves

Maxwell's equation in vacuum

r E=0 (143)

r B=0 (144)
r E+c'@ =0 (145)
r B c'@=0: (146)

Then taking curl of (145), using (146) and the vector identitr (r E)=r (r E) r 2E
we get

r ’°e (1=)@E=@*%=0: (147)
Assume
E=aEkr ) (148)
and
B = a,Bek" "); (149)

whereé; and &, are unit vectors andk is the wave vector. These are traveling wave solutions
because the argument of the exponential is constant for sades which propagate in time
along the wave direciton.

Plugging back into Maxwell's equations we have
ik &Eqo=0; (150)

ik 8,B0=0 (151)
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and
ik a,Ep = i! a,Bo=c; (152)
ik a,Bp = i! a,Eq=c: (153)
These imply thatk ? &;;4, and &, ? &;. They also imply
Eo= Bo!:kC; Bo= Eo!:kC; (154)
SO
2= c?k? (155)

and Eq = By. The phase velocityv,,  w=k = c. Group velocity is alsoc because there is
no medium and the group velocity depends on the index of refigon n:
c

n(H)+ ! (@n=@!

but for the vacuum n = 1 and is independent ofl sovy = vp, = C.

Vg = (156)

Wave Energy Flux and Density

Note that E and B vary sinusoidally in time, but in astro, we measure time avages
for measurements of interest. (The measuring time (obseng time) assumed to be longer
than wave period.)

We are going to calculate products of complex quantities (thelectromagnetic elds)
but we measure only the real part. So we are interested in thequucts of the real parts.
Take two complex quantitiesQ, = Eqe™' and Q, = Bye"'. Then

1 1 . i
Re(Q1) = é(Ql"‘ Q= E(Eoe"t + Ege M); (157)
where indicates complex conjugate. Similarly,
Re(Qz) = S(Bod" + Boe " ): (158)

(These follow from recognizing any complex number can be ten as a+ bi with a and b
real.) Then

Re(Q1)Re(Qy) = (1 =4)(EoBo™ + EoB, + EoBo + EoBoe ™) (159)

Take time average, then the terms with exponentials vanish lven the averages are taken
over su ciently long time compared to the ! *. Thus we have

Re(QuRE(Q2)i = 3HEoBy + EqBai (160)
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But only the real part of each term contributes. Thus
.1 1 .1 .
hRe(Q1)Re(Qy)i = ZtRe(EOBO + EyBo)i = EI‘RG(EOBO)I = étRe(EoBo)l: (161)
Applying this to the time averaged Poynting ux for waves gives

hSi = 4irRe(E) Re(B)i = 4ir<‘the(E)ije(B)ji = Sik‘Re(EoBo) - Sik‘onjZ: SijBOjZ;
(162)
where we have again eliminate@ 2 terms by averaging them a way. For the electromag-
netic energy density, we nd
1 1

Uem = EhRe(EOEO + BoB,)i = Eonj2+

1
16

1

B .2:
JBo) 8

iBoj% (163)

sohuemi K = hSi=c implying energy ows at speedt for vacuum plane waves (not surprising).
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LECTURE 6 Radiation Spectrum

The radiation spectrum (histogram of energy as a function direquency) cannot be
measured at an instant of time because of the \uncertainty" elation 't > 1. True for
waves in general. Instead we will eventually consider radian received from a xed location
averaged over a \long" time.

Consider nite radiation pulse and consider the scalaE(t) = &; E pulling out one
component ofE. We then have, using Fourier transforms,
Z 1

E()= zi . E(t)e" dt; (164)
so that Z,
E(t) = ) E(!)e " dI; (165)
also note
E( 1)=E(); (166)

sinceE is real. The E has the power spectrum info. Write the energy/(time Area) as

dw
dtdA

from the result immediately above for the Poynting ux. For the total energy per area we
have, integrating (167)

= cE(t)’=4 (167)

Z
aw _ “1v o
TN E2(t)dt=4: (168)
But Z, Z,
=c E(@)2dt=4 =(c=) jE()j! (169)
1 1

by Parsevals theorem relating the Fourier transform of a pduct to the product of the
Fourier transforms. Further, sincejE(! )j? = jE( !)j? we take the integral from 0 and
multiply by 2 to obtain: z,

dW=dA= ¢ . jE(w)j2d!; (170)

and

daw . Y
JAdL - gE(w)j“ (A71)
But this is the total energy per frequency per area for the emme pulse. If pulse repeats over
the time T or if it is more or less stationary for long times, we can detsrine the spectrum for
some nite part of an \in nitely” long pulse, based on the reailts for nite pulse. (The nite

pulse issue enters to ensure that the integrals above are te). Spectrum is not useful if the
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characteristic time changesl  1=! , where ! is the characteristic frequency resolution.
We can write 4w dW
' = gE(wW)j?=T; 172
dAdT  dAdigr - 9EW) (172)
which is a power spectrum per unit area for the duratiorm, assuming that the signal has

approximately same properties over that duration. (g 7)

Elliptical Polarization, Stokes Parameters for Monochrom atic Waves

Plane waves are linearly polarized. Waves of arbitrary palaation can be generated
from a linear combination of two orthogonal linearly polaized waves. Consider the electric
eld

E =(E& + Exp)e M. (173)

We can write the complex amplitudes

E,= " (174)
and
E, = "pe(=%" 2); (175)
where";; 1 and",; , are real. so
E =Rl W04 mppe(=2r 2 w0, (176)
The real part is thus
Ex = ";coq!t 1) a77)
Ey = ",sin(!t 2): (178)

(98)
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These equations show that the electric eld traces out an gtise, as we will now see.
The general equation for an ellipse can be written as

(X=a)?>+(Y=p?>=1: (179)
We write
E,o = "ocO0S coswt (180)
and
Eyo = "osin sinwt; (181)

for =2< < = 2. These satisfy (179) usingX = E,o, Y = Eyo, a = "gcos and
b= "gsin . When the wave is propagating toward us, the ellipse is tradeout clockwise
for 0< < = 2 and counterclockwise for =2< < 0. These represent right handed or

left handed polarization respectively (negative and posie helicity). When = =4 the
ellipse becomes a circle and we have circular polarizatioror =0; =2 we have linear
polarization.

To show that (177) and (178) also form an ellipse, perform aadkwise rotation on the
x% y® components (180) and (181) (multiply by the rotation matri¥ so that we have

Ex = "p(cos cos cos!t + sinsinsinlt ) (182)

and
Ey = "o( cossincos!t + sincossin!t ): (183)

Then these match (177) and (178) if we set

"1C0S 1 = "COS COS (184)

"18in 1 = "psin sin (185)

",C0S » = "gSin coS (186)

",8in , = "pCOS sin : (187)

We can solve for'g; ; given";, 1,"2, 2. Thisis normally done with the monochro-
matic Stokes Parameters:

| ="5="1+"3 (188)

Q="3cocos2 ="2 "3 (189)

U="gcosin 2 =2",",coq ; 2 =2) (190)

V ="3sin2 =2";",sin( 1 2 =2) (291)
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Pure elliptical polarization (polarization of monochromaic waves) is controlled by the 3
parameters (o; ; ) but there are 4 Stokes parameters. This is because they amdated by

12= Q%+ U%?+ V% (192)

That
I =" (193)

highlights how | is related to the intensity of the wave. (Recall our calculabn of the energy
density of a plane wave above). We have

sin2 = V=l (194)

and thus V measures the circularity of the wave, related to the ratio ofhe power of the
linearly independent components. If =0, then the wave is linearly polarized anav = 0.
If = =4,V=Il=1implying circular polarization. Finally,

tan2 = U=Q; (195)

so that U or Q relate to the orientation of the ellipse that the electric dd vector traces
when propagation to a given set of axes. However for circulpolarization Q = U = 0 and
| =V from (194), or (192).

Stokes Parameters for Quasi Monochromatic Waves

In general, the observed emission is a superposition of was@mponents with di erent
polarizations and di erent frequencies. The waves are geradly not monochromatic. The
amplitude and phase for a given frequency can change with tamWe have

Eq(t) = "1(t)e 1O (196)

and
Eo(t) = "p(t)(=2" 2 (197)

Assume that the time variation is relatively slow, such thatover a time period of ¥! the
wave looks fully polarized, but such that fort >> 1=! the amplitude and phases can vary.
Then !t 1 implies ! <<!  and so we call this limit a quasi-monochromatic wave of
bandwidth ! and coherence timet .

Most waves are measured in the time averaged sense by a deiecin addition, mea-
suring devices often split waves into a linear combinationsf two independent electric eld
polarization components. Assuming any time for the wave togss through measurement
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apparatus is short compared to the coherence time, then the splitting of waves into the
two components is a linear transformation of the form

Exo E{= pEi+ 1B, (198)

Eyo EJ= aE1+ 2B (199)

Where the s represent the e ect of the measuring apparatus. The time avage sum of the
squares of thex® and y° components are measured. Using the identity (161) we have the
x% component

hRe(E,oExo)i = 2NReEe ™2 = j 2 jhE E i+] 2JhELE,i+] 11 hE1ELi+] 10 11JhELEi;

(200)
where the terms with the residuak ™' have been dropped assuming the quasi-monochromatic
approximation, and we only consider averages over longemigs.

The s are known features of the apparatus. The four di erent ters which represent
averages of the radiation eld can be written in terms of Sto&s parameters

| = hEJE i + hELE,i = h'2+ "3 (201)

Q= hE E,i h E;E,i =H3 "3 (202)

U= hEE,i + hEE i = 2""c0oq 1 )i (203)
V = i(hEiE,i h ExE Q)= h2""sin( 1 )i: (204)

These are the generalized Stokes parameters which reduceéh® monochromatic ones when
the amplitudes and phases are time independent. We cannotstinguish waves with the
same Stokes parameters. But here,

12 Q%+ U?+ VZ (205)

Physically this makes sense when the wave is not completeljipgically polarized: If part
of the radiation is unpolarized, the right side (205), whichs the intensity squared of the
polarized contribution, is an undersetimate of the totall> . The result follows from the
Schwartz inequality

I’ElEzihEzEli h ElEllhEzEzl, (206)
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where the equality holds when the ratio ofE,=E; is independent of time. (I leave as an
exercise to show this from (196) and (197)). A completely umparized wave has no preferred
orientation soh'2i = H'3i andQ = U=V =0.
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LECTURE 7
Degree of Polarization

Stokes parameters are additive for waves of uncorrelatedgsde. That is, if we take the
net electric eld \léector for the sum of waves, no cross term®ntribute to the time averaging,
thatis for E; = , Ei, we have

n | n
P P P P
Thusl = ,1,,Q= ,Q,, U= _Uy,andV ="V,

We can then decompose the total Stokes parameters for an drary collection of quasi-
monochromatic waves into contributions from the polarizegbart and the unpolarized part:

QU V =[1 (Q%+ U2+ V3)12.0,0,0] + [(Q* + U?+ V)2, Q; U; VI: (208)

The former is the unpolarized part. The degree of polarizatn is the ratio of the polarized
part of the intensity to the total. (Note that we may be missing constants to make exactly
equal to the total intensity but intensity ratios are independent of this constant).

=( Q%+ U+ V2)12=l = Ipg=l: (209)

As an example, consider partial linear polarization. Thei = 0 and we take the plane
of the polarized part to be thex? plane. One can the rotate a polarizing Iter which will
allow the maximum intensity when the lter is aligned with the electric eld. The maximum
intensity is the sum of the polarized part + 1/2 the unpolarizd part because the intensity
for the unpolarized part is shared equally between any two throgonal directions and the
polarized part only contributes when the lIter is oriented poperly. Thus

The minimum intensity is
| max I min (212)

Imax + Imin ’
whenV =0, i.e. partial linear polarization.

When does the Macroscopic Transfer theory of \rays" apply?
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When size of the area we are interested in, through which radion passes, approaches
the wavelength of the radiation, then the macroscopic classl theory is not applicable. That
is, the validity is for (dpcdx)(dp,dy) p?°dAd > h? or

dAd > 2 (213)

In addition we require
ddt > 1; (214)

from the energy uncertainty relation. Thus when is greater than the scale of interest,
classical transfer theory of rays, as we have studied, fa{ls.g. on the scale of atoms).

But now that we have studied waves, we can be more precise. De rays as the curves
whose tangents point along the direction of wave propagatio Thus, rays are well de ned
only if the amplitude and wave direction are nearly constanbver a wavelength. That is the
geometric optics limit.

To see the speci ¢ quantitative relations for the validity d this limit assume that a wave
(electric eld vector) is represented by

g(r;t) = a(r;t)e H: (215)

For a wave, g satis es
c?@g r *g=0: (216)
For constanta, k = r is direction of propagation and! = @ =@ts frequency. These

will be important later because we will show that the approxnations which lead to a plane
wave approximation using these correspondences to wavdee@nd frequency.

If we substitute (215) into (216) we get

r %a é@a+ ia(r 2 é@) +2i(rar é@@ta) a(r )%+ g(@ )2=0: (217)

Now in the limit that the following relations are satis ed

1. o1 L
Jras<<ir | i@ << j@ ] (218)
lir Y << jr (219)

iri<<ir %@ j<<j@ % (220)
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(217) reduces to
1
r ) Z(@)=0; (221)
which represents the Eikonal equation describing the geotrie optics limit.

The above limits represent the case for which the the amplitle is slowly varying and
the phase is rapidly varying. For nearly constang, the direction of propagation which is
perpendicular to surfaces of constant phase, is

k=r : (222)
and the frequency would be given by
= @: (223)

Using these in (221) then reproduces the usual plane waveatsdn of k? = w?=¢. Thus

Eikonal equation expresses the geometric optics limit, anthat limit leads to the relation

between wave number and frequency we found earlier for plawaves. This is the relationship
that applies in the regime of the classical transfer theory.

Electromagnetic Potentials

E and B can be expressed in terms of the electromagnetic 4-vectort@atial A =
(; A), where is the scalar potential andA is the vector potential. We have

E=r %@A: (224)

B=r A: (225)
Then, incorporating the bound and free charges into and j, we have
1 1 1
r E=r? E@ +E@(r A+E@): 4 (226)

and 1 1
roB+@r +_@\)=4 j=; (227)

andr B=r(r A) r 2A Gauge Invariance

E and B are invariant under gauge transformations, that is under ta change

Al A+r ; | %@: (228)
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Only E and B are measured and so the choice of gauges is merely a choice &kerthe
equations easier to solve. Dierent gauges are more or lesmeenient in di erent contexts.

The Coulomb gauge is such that A =0. The Lorenz gauge employg®® +r A =0.
For the latter case we obtain for the potentials

r?2 C—lz = 4 (229)
and 1

r 2A @@A = 4j: (230)
The formal solutions are

z Z7Z o 0 : L
(r,t) — jr [ ]rq d3rO: (r ’t% (t th +rj(; I’O(t(bj C)dt°d3ro (231)
and 12 ] ZZ 001y (© t+jr rY9j=g
d®rC= ! dt%er

A= (232)

jr rg jr rg
where the brackets indicate evaluation at the retarded time Thus these are the retarded
time potentials. The retarded time means that the quantity § evaluated at a timet,e; =
tj r rY=cfromthe present time due to nite speed of light travel. Thuse.g. []=[ (r%t.e)].

Formally, given these potentials, we can solve fd&& and B.
Potential of Moving Charges

Consider chargeq following path r = rq(t), u = rp. Then the localized charge and

current densities are
(r%t)=q (r° ro(t9) (233)

J(r8t9 = qu(t) (r® ro(t9): (234)
The volume integrals give the total chargey and current qu, for a single patrticle.

Using the formal solutions (231) and (232), we can calculatetarded potentials for this
single particle, these are

£ (t° t+R(9=9
R(t9

(t° t+ R(t9=9
R(t9

dt° (235)

(r;)=q9

and 7
A()=q u(r)

dt® (236)
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whereR(t9 = jR(t9j and
RtY=r ro(tY: (237)

If we now uset,et =t  R(t9=cor c(t t) = R(t9. We then can change variables. Let

1= t0 o (238)
so that
2 2
00— 40 — 4i% oR(19) _ 0, g0 L+ dR (t9 _ o, g0 L dR (t _ 1A u(t9,.
dt®= dt® dt,e = dt%dt . dt% dt 5RO dE dt% dt 5oR(OdO dtq1 Ao =)
(239)
wheren = R=R and u(t9 = rp = R. (Note that we considert and r xed in this

di erentiation ; we are not integrating or di erentiating o ver t or r, there are just the time
and position at which the quantities are being measured.) Ts using (239) in (235) and
(236) gives
z 1

R(Y1  A(tY u(t)=9

q

()™ )@ Ale) U(he)=0

(240)

(r;t)=9

and

4

. _ _ 1 _ qu(tret) .
A= 4 WO REE 8@ 1970 " REE Al U9,
(241)

where we have integrated (t° by setting Rt0 = t,er USiNg (238). Recall that integrating a
function over a function works like this: (g9 o)f (g)dg= f (tp).

Notice the factor appearing on the bottom which \concentraés" the potentials along
the direction of motion for strongly relativistic ows. This is related to the concept of
relativistic beaming of radiation into narrow cones alonghe direction of motion that we
will derive later. These potentials are also evaluated at #hretarded time{again important
for very relativistic motion. This retarded time is also thekey to getting the radiation part
of the electromagnetic elds, that is the part that falls o as 1=r rather than 1=r?>. The
potentials above are the Lenard-Wiechart potentials.
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LECTURE 8
Velocity and Radiation Components of the Electromagnetic F ields

TogetE andB atr andt we rst get the retarded position and timer andt,. The
particle hasu = ro(t,e) and accelerationu = d?_ ro(te:). There is some messy algebra to

tret

obtain, from the potentials presented at the end of last leate, the elds (see Jackson)

2 , 3 2 3
e g2 A g auh () 9
E(r;t) = g4 T 5+ E4 R 5 (242)
and
B(r;t)=[n EJ; (243)
where™=u=cand =(1 n 7). Where the brackets again indicate retarded time, and

so only the conditions att,,; matter even though particle is currently atr;t.(g3.1).

The rst term in the electric eld is just the relativistic ge neralization of Coulomb's law
for moving particles. It falls o as 1=R2. This is the \velocity eld." It points in the line
toward the current position of the particle.

The second term is the radiation eld. It falls o as 1=R. Alas we see why the Poynting
ux associated with radiation from an accelerating partiock can be nite at large distances.

The e ect can be seen from the Figure below. (g 3.2 of R&L).

Suppose the particle is originally moving at constant speednd then it stops. This
information is not immediately communicated to the exterio. Only for distances less than
c(t;y tp) is the eld informed that the particle decelerated, but ouside this eld is that of
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the particle had it not decelerated (that is, as if it were at x1). Thus there is the kink in
the eld if the eld is to match together for the two regions.

The thickness of this the interface region is constant and egl to the light travel distance
during the period of deceleration or acceleration. Now taka ring whose central axis is the
line of particle motion and the plane of the ring lies perpendular to the eld lines from the

interface region, such that they penetrate the ring. Since B =r E =0, we have
Z Z

r Ed®°= E dS-= constant; (244)

(same forB eld). Thus the ux is conserved. But with time, the ring, area, while main-
taining the same thickness, increases & if it is to keep up with the interface region eld
lines. This means that to conserve ux the elds must fall of & 1=R. That is where the ER
radiation eld comes from!

Energy/(Freq  Solid angle) for single particle

From Lecture 6 we have that

dw _ ¢ _,, ...
dAdt ~ 4—E (1): (245)
Then usingdA = R2d we have
dW _ ¢ ,_C 9 _
T = 2 ROEW®)’ = (Q()*= (246)
where Q(t) = R(t)E(t), so that (using the radiation part of the electric eld)
dw Z1 2 o Z1

) 2
M n ) D ded
(247)
The brackets again mean evaluated at retarded timé@=t R(t%=c Changing time variables
ysing dt = dt 0 and using the Taylor expansion ofR(t9 in ro for small ro=r (R(t9 =

= Q)= 45 | RE(MIE™dt =

d d! 4 2c 1

(r r0? (12 2 r?=jij Lo jri A ro)gives
dw _ ¢ Z1 ~ = 24w(t° A ro(t9=0) 0.
T4 - 4% . noo(n ) ) € dt” (248)
Then using the identity
A (A7) D Z=de( A (M ) (249)

we can integrate (248) by parts to obtain

dw _ 12 %t

2
- 1" ~\ AW (t° A ro(t9=c) 440 .
da a2z , N O e dt® ; (250)
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where a factorje' 1752 = 1 has been extracted from the integrand.

The integration by parts (really just the chain rule for di erentiation) led to two terms,
one of which was of the form d,o(UV)dt% which vanished under the assumption thak falls
o rapidlyat t! 1

Radiation from Non-relativistic systems

In the non-relativistic limit << 1. Also the ratio of the second term on the right
of (242) to the rst term on the right is E,.q=E,ef = Ru=¢. For a particular frequency of
oscillation

Erad=Ever = UR =¢? = (u=9(R= ): (251)
For the near zoneR , the velocity eld dominates, whilst for the far zoneR  c=u, the
radiation eld dominates.
When << 1,
Eraa =(a=9[ (" 5=R] (252)
and
Brag = [ Eradl: (253)
Then
Erag = Brag = g—;sin : (254)

where is the angle between=and ft. The Poynting ux is given by

dW_S_c2 c 2

dAdt = 57 4 B T g Reg™" (255)

The vector Poynting ux S/ E B is directed alongn. Using dA = R2d we have

W - T gin: (256)
The total power emitted is then
aw=gt= $=° "1 cog) dicosy= - (257)
2 1 3c

which is Larmor's formula for emission from a single partiel ( g3.3)
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Note that as a function of angle, there is a dipole pattern: noadiation emitted along
the direction of acceleration. The maximum is emitted perp®licular to the acceleration.

Also, the instantaneous direction ofE,,q is determined by =and n and 1-D acceleration
means linear polarization in the=and n plane.

Dipole Approximation

For a system of patrticles, di erences in the retarded timesan be ignored if the time
scales for a system to change are>> L=c , the light crossing time. Since this also charac-
terizes an inverse frequency of radiation, the equivalenbadition for ignoring retarded time
dierences is ifL << c=! = Since the time for variation also characterizes the time for
change in velocity of a particle, a long time for change in \@tity over a particle orbit of
radius | implies I=u>>L=c. But| L, sou<<c is also an expression of the same
limit.

We can use the non-relativistic radiation elds in these reges (generalizing (252) for
many particles)

X G -
Ea = IN (" 3R] (258)

a
For large distances from the sourcdR; Rp, whereRy can be de ned as the distance from
the geometric centroid of the particle system to the observeThen

Erad=[C2iROn "y, (259)

P R o .
whered = ,Gura ' I d®, where the latter similarity follows for a nearly continuots
charge distribution. We have

2
(;I_P = %sin2 (260)
and ,
o 20 s
g (3.5)

Using Fourier transforms
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Z, _
d(t) = e " a()d! (262)
1
SO Z,
Aat) = . I 2 " a(!)d! (263)
and 1
dw=d!d = @’ 4d(! )j%sin? (264)
and 8
dw=d! = @! 4 )j? (265)

It can be shown that the dipole term represents the rst termm the small expansion
parameterL= . (or L'=c  (L=I)(u=0 << 1), wherel is the particle orbit scale andu is the
particle velocity. As the system gets more and more relatistic, the lowest order expansion
is not su cient. The frequencies which show up in the radiatbn spectrum are not only that
associated with the dipole oscillation of the particles, lihigher harmonics, where the dipole
produces the primary frequency o but and the quadrupole etc. produce the higher integer
harmonics.
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LECTURE 9
Thomson Scattering

We want to apply the dipole formula to the case for a charge raating in response to
an impinging wave. Ignore~ B force for non-relativistic velocities. The electric forcas
the main contributor and we have the equation of motion for fiwing from a linear polarized
wave

m¢ = F = e~Egsin! of; (266)

or
8 = (€=m)~Esin! ot; (267)

wheree is the charge and- is the direction of E,. The solution is an oscillating dipole
d=er= (?Eo=m! J)sin! ot: (268)
g (3.6)

Time averaged power is then

g O o €Ef o
dP=d = 4—C35|n = am 2(:35|n ; (269)
R
where we used Lim,; (1=T) OT sin?(!t )dt = 1=2. We also have upon integration over solid
angleP = e*E3=3m?c’.

De ne the di erential cross sectiond for scattering an initial electromagnetic wave into
solid angled from interaction with the particle. Then

ap _ . d cE3 d

g hSi q = 8—d—; (270)
therefore from (269)
d 2cin2
— =risinc 271
d polarized © ! ( )
where o
2 _ .
B (272)
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Note here thathSi is the incident ux.

For an electron,r =2:8 10 *3cm, and is called the classical electron radius. Integratin
over solid angle gives
=8r3=3 (273)

whichis 1 =6:6 10 %°cm?, called the Thomson cross section for an electron. This reina
valid whenh < 0:5MeV, the electron rest mass. Above this we are in the quantum rege,
and the \Klein Nishina" cross section must be used (discussdater). Dipole approximation
is also invalid for relativistic motions.

Polarization of Electron scattered radiation

The scattered radiation is polarized in the plane spanned hyitial polarization vector
~and n.

Di erential cross section (as a function of angle into whichradiation is scattered) for
scattering of initially unpolarized radiation is found by writing the incident radiation as the
sum of two orthogonal linearly polarized beams.

Take ~ to be in plane of incident and scattered beam.
Take ~, to be ? to this plane.

Take as the angle between~; and h. ~ ? i, and n is the direction of the scattered
wave.

(g3.7)

Then using (271) the di erential cross section for scatteng into d from an initially
unpolarized beam is

d=d junpo = %[d () =d+ d (=2)=d]= %(1+ sin?) = %(1+ co )  (274)

where = =2 . This depends only on the angle between the direction of thencident
and scattered radiation. Note that integrated cross sectiofor polarized radiation is the
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same as for the unpolarized case (because electron has nanasic direction and energy is
conserved).

Recall that n, the outgoing wave direction, is perpendicular to the polaation vector
of the scattered radiation. The two di erential cross sectins on the right of (274) refer to
the intensities of these two planes of polarization.

The ratio of the di erential cross section for scattering ito the plane and perpendicular
to the plane of scattering iscos’ , so we have, from (212)

|max Imm _ 1 CO§

= : 275

This means that initially unpolarized radiation can be polaized upon scattering. This makes
sense. If we look along incident direction, then we get no @wization since there is azimuthal
symmetry around the initial wave vector axis and all directons are the same. If we looR

to the initial wave vector axis = =2, then we see 100% polarization. This is because the
particle moves in the plane? to the initial direction.

Radiation Damping Force

The radiation damping force can be assumed to be perturbatiomn the particles motion
when T,og >>t ,, i.e. the time over which the particles energy is changed sigcantly by
radiation is much longer than the time for the particle to chage its position (e.g. orbit
time).

3mc® u 2
T MV?=Pag = 5o — 276
rad rad 2e2 u ( )
This then requires that t, >> = ro=c = 10 2%s, the light crossing time of a classical

electron radius.

For scattering problems, this holds when the distance eleons wander in an atom
(typically of order 1 Angstrom) is << than the wavelength of the radiation|that is the
wavelength on which the electric eld varies (e.g>> 1 Angstrom.)

The radiative loss of energy, time averaged is

hdW=di = P = (2€*=3c®)hjxj?i; (277)
where 7
L 1T tpR2
hixj%i = — x2dt; (278)
th t tp=2
wheret, = 2 =! . Since we are considering = Xo€" , upon integrating by parts we note

that products of odd and even numbers of derivatives producereal part that cancels out,
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the only term that survives is

o 12 trtp=2
hxj4i = — x. xdt; (279)

th t tp=2

We can then write

hdW=dt = hFq Xi; (280)

SO o2
Frag = —X_ 281
rad 33 ( )

Radiation from Harmonically Bound Particles, Classical Li ne Prole

Assume that particle is bound to a center of force. Then its ntion represents oscillation
and its equation of motion
F= ke= m!2r; (282)

such that the oscillation is with frequency! . A classical oscillator (Thomson atom) is not
ultimately applicable, though quantum results are quotedn relation to the classical results.

The radiation reaction force for a radiating particle dampghe oscillator. We assume
that the damping is a perturbative e ect. From (276), the valdity of this classical non-
relativistic regime is when =t, << 1 so that, , the light crossing time over a classical
electron radius is short compared to any particle orbit peod. This means the time scale to
lose signi cant energy to radiation is long compared to paitle orbit time. For oscillation
along thex axis:

x+%x+!2x=0: (283)

If the 3rd derivative term is small we can assume the motion isarmonic to lowest order.
Then we assumex = coq! ot + o) to this order. We then have x.= ! 3x so

X+ 12 x+12x=0: (284)

To solve assume(t) = e' so that
2+12 +12=0: (285)

The solution is 1
= il é!g +0( 2Y: (286)

At t =0 take x(0) = xo and x(0) = 0. We thus have

= 1 =2+l =2 il
x(t) = xoe 2cos!ot = SXo(e E2riot 4 g 2 oty (287)
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where =13 .

If we Fourier transform we can nd the power spectrum of the ertted radiation in the

dipole approximation. We have
14 Xo 1 1 e 1 i
1y= = x(t9e"’dt°= 2° _ + . - : '
()= 5 XM A T2 0(.+) . = (o ) 4 = i, )
(288)
where we ignore the rst term on the right as we are working fothe regime of! near! .

The energy radiated per unit frequency is then

o
dw 8! 4 8! 4 1

= id)i2= — 2

a - a1 smeE X0 Topea, 1)

#

(289)

The power spectrum is then a Lorentz pro le. (g 3.8)

The power spectrum for a particle damped by radiation{classal line. There is a sharp
max near! = !4, and the width is ! = 12 << 1. The quantity in curved parentheses
can be thought of as a spring constant, characterizing the pamtial energy of the particle.
Integrating (289) over frequency gives the total energy ofkx3. This is the energy that is
being radiated away.

Driven Harmonically Bound Particles
In this case we have a forcing from beam of radiation, so thewegion of motion is
x= !2x+ x+(eE,=m)cosl!t: (290)

Now take x to be complex so we have

x+12x  x=(eE=m)e" : (291)
The solution is
x = Xo€" | xejet*); (292)
where £ -
Xg = — o= (293)

2 2 i1 3
w2z g 1lg
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and
= tan ('3 =w? !2): (294)

The damping term from the radiation reaction provides a phasshift. Forw >wg, > 0
and for! <! 4, < 0. This represents an oscillating dipole with frequencly and amplitude

JXoj-
The time averaged power radiated is then

eE2 4 _
3213 19)+(13 )

P(1)= &jxoj’! =3¢’ = (295)
Dividing by the time averaged Poynting ux hSi = cEZ=8 we \project out" the cross section

for scattering
| 4

T e

For! >>1 o (1) ! 1. Basically this is because at high incident energies, the
frequency of the particle motion is not seen by the radiatigrso it appears free.

(296)

For!<<! o, wehave / !“ Thisisthe Rayleigh-Scattering regime|bluer frequencies
scattered more (thus looking at horizon means we the Sun to lvedder). Inertial term in
equation of motion is small, so the dipole moment of the padie is directly proportional to
the incident radiation. kx = eE. (e.g. (290) with» and x_terms dropped.)

For! lowehave!2 132 21(1 15)so
2 2¢?
1y= _" = :
*) 4010 1o)2+ 2 mc 4(1 1)+ 2 (297)
recalling that = ! 2 . This is the Lorentz pro le. This result arises because freescillations

of the unforced oscillator can be excited by a pulse of radiah E(t) = (t). The spectrum
for this pulse is independent of frequency. (White spectruymand so the emission is just
scattering of a white spectrum. The emission is then propadnal to the cross section for
this scattering. P = hSi

If we integrate (!) over! we nd that

Z1 2 2¢?
(Dt = = = (298)

But this is not valid because at large! the classical approximation breaks down (classical
requires! << 1, where is light crossing time across classical electron radius).ctually
we have z,

max

Md! = 1! (299)
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because the range of validity of the classical radiation reton is, ! nax << 1= = c=r,.

For quantum regime however, we write
VA 1
M)d =( r=)fmme 1=, (300)

wheref o is the oscillator strength form ! m° transitions. (g 3.9)

Correspondence between emission and Einstein Coe .

Note the power radiated in the Larmor formula time averagedwer 1 cycle for a harmonic
oscillator is
rd
P= gjxoj : (301)

But this should equal A,;h ,; using the form of the Einstein coe cients, where ,; is the
resonance line frequency. We can then say th@t,j=2 = h2jxjli is 1/2 the displacement
of the oscillation representing the expectation value bewen the transition from state 2 to
state 1. Then we would have

213

_8edl5 . .,
Ao = 3@h Jh2jxjij < (302)

which turns out to be not a bad approximation for speci c casgin in the quantum regime
(e.g. when the statistical weights of the two states are nodegenerate).
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LECTURE 10

Basic Special Relativity

We review some concepts in special relativity very quickly.

First note the basic postulates:

1) laws of physics take the same form in frames in relative darm motion.

2) speed of light is the same in free space for these frameslependent of their relative
velocity.

The appropriate transformations of the coordinates;t that preserve these relations
between two framesk and K ° such that K %is moving with positive velocity v on the x axis
for a xed observer inK are

xX°= (x wvt);y=ytz=2° (303)

and
t°= (t vx=E); (304)

where =1=1 v?=c)¥? We talk about a 4-dimensional space-time coordinate takingace
at (t; x).

Note that a consequence of the constant speed of light is thiatr a pulse of light emitted
at t = 0 where we assume the origins coincide is

X>+y?+ 22 AP = xT+y®+ 2% At®=0: (305)

Length Contraction

Consider a rigid rod of lengthL®= x3 x? carried in rest frameK °. What is the length
in the unprimed frame? The length is given byL = X, x; wherex, and x; are the rod
positions as measured at xed time inL. We have

L°=x9 x{= (x2 xi)= L (306)

Thus the length we measure at a xed time irL is smaller than the proper length measured
in L% The length of the moving rod is contracted.

Time Dilation

Assume a clock at rest inK ® measure a time intervalTo = t§ t9 at xed position
x%= 0. This implies that
T=t, ty= (9 tH=T2¢ (307)
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Thus we see that more time elapses in the unprimed frame periutime in the moving
frame. Thus \moving clocks run slow." This is the time dilaton.

The point is that clocks at two di erent positions in K are not simulatenously synchro-
nized as seen by K'. Wherx9 = x? in K', x, 6 x;. At these two locations inK, clocks
in K do not appear to be synchronized as measured by an observerKifi even if they are
synchronized as seen by an observer k.

Transformation of Velocities and Beaming of Radiation

Write the transformations in di erential form for boost along x:

dx = (dx°+ vdt9); dy= dy® dz= dz° (308)
and
dt = (dt®+ vx&); (309)
where we have also taken advantage of the symmetry of relairames and leiv! v and
t%x01 t;x.
Then we have (A+ v o
o X+ v Ut v
Ux = 0= s Vo=@~ 1+ uiv=e (310)
and 0
u
=¥ 11
YT T uv=e) (311)
and o
—_ l"IZ :
u, = A+ uv=a) Wv=3)’ (312)
g4.2
In general, .
uo= TV (313)
b1+ udv=e
and o
Uy = Y (314)

(1+ u._9, v=02) :
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Thus we can take the ratio of the perpendicular to the parallevelocities as measured in the
lab frame (K). We have

0 1+ ulv=¢2 0 in ©
tan = u,=u; = u?o - = l:? __uS ; (315)
(1+usv=e) ui+v (uj +v) (u%os %+ v)
For u®= ¢, corresponding to photons emitted in the moving frame, we ka
sin ©

tan = 316
(cos 9+ v=0 (316)

and .
cos = M' sin = sin ° (317)

"~ (1+ cos V=g’ ~ (1+ cos v=g
At °= =2 we have
1
tan = ——; cos = v=c; (318)
vV=C

so thatsin =1=.

This means that if a source is emitting isotropically in its est frame (K' frame) then in
the K frame, 50% of the emission is beamed into a cone of angi 1

This has many consequences in astrophysics. Both in the mophysics of radiation from
moving particles, and also for relativistic bulk out ows seh as Active Galactic Nuclei and
Gamma-Ray Bursts. It means for example, that a for su cienty relativistic and radiating
bipolar jet, we would only see emission from the ow moving teard our line of sight.

Doppler E ect

It is particularly important in astrophysics to distinguish between local observers (those
omnipresent entities that have a rod and clock at each poininispace time) and actual
observers (those like us xed at a point). There is no Dopplee ect for local observers.

In the rest frame ofK consider the moving source to move from point 1 to point 2 and
emit one radiation cycle. The period as measured in the labaime (K) is given by the time
dilation e ect

t= t%=2 =1 @ (319)

but di erence in arrival times must be considered because ¢hsource is moving relative to
the observer. Consider the distancd to be positive if the source moves toward the observer.

(g4.4)
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Then accounting for the di erence in arrival times gives
taws= t d=c= t(1 (v=Qcos)= tq1 (v=Qcos); (320)
where is now the angle between the direction of motion and the linef gight as measured
in the lab frame (K). Rearranging we then have

1 0

| =2 = tope= ’
obs obs (1 (V:QCOS )

(321)
or as the inverse
19=1 s (L+(v=0cos9; (322)

where Cis measured in theK °frame. Note that the is a purely relativistic e ect whereas
the (1 + (v=gcos 9 is also a non-relativistic e ect.

Combined Doppler E ect and Special Relativity

Rearranging (321) and assuming the case for which 0, andv ¢ we have

! o ! obs (1 (V:C)COS ) = (1 (\;_:_?(\j-:; V:Q obs=2 (323)
or
tons =2 (324)

Compare this to (319): the is in the opposite place! Thus there is no time dilation but
rather time contraction for a source moving at the observer. \A clock moving at the olesver
runs fast!" This highlights that for astrophysics, where wéhe observer are at a xed location,
that the standard time dilation and Lorentz contraction e ects must be considered carefully.
(See Rees 1966, Nature 211 468 for superluminal motion e €9t

Proper time

Note that the quantity d , the proper time, is in an invariant:
d 2= cddt® (dx°+ dy*+ dz) = Ad & (325)

It is called the proper time because it measures the time int&al between events occurring
at the same spatial location. Indeed if we divide bgt, and assume the di erentials measure
changes with respect to a frame moving with velocitgx=dt= v, we obtaindt = d . This
is just the original time dilation e ect.

Notes on 4 vectors
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The quantity x = (ct;x;y;z) is a four-vector, in that it obeys the transformation
properties previously described. The Greek indices inditea4 components. Note also that

X = X (326)
where summation is over repeated indicesand =0for 6 , 1for = =0and1
for = > 0. The Lorentz transformations can be written

x °=  x (327)
where is the transformation matrix, which, for a boost alongx satis es = for

= =0;1;,1for = =23 for  =0; =1, and for =1; =0.

General Lorentz transformations have more complicated m@ates. We restrict ourselves to
isochronous (§ 0), and proper transformationsdet = +1.

The norm of x is given by
XX = X X: (328)

Since this is a Lorentz invariant, we have
- o= (329)
where is the Kronecker delta.

All 4-vectors transform in the same way ax under a Lorentz transformation. Some
other 4-vectors includek = (!=c; k) for a electromagnetic wave, the 4-velocipyd =
(c; v), the current density 4-vectorj = ( c; j). the momentum 4-vector (E=c; p).

The transformation laws also hold for tensor indices. Thusmo matrices are required
for a two index tensor. That is for example

A = A (330)
It turns out that the electric and magnetic eld are not sepaately 4-vectors but comprise
part of of an electromagnetic tensor
F = @A @A (331)

whereA = ( ;A;) is the 4-vector potential with components (Latin indices rean only
1,2,3 components.) Foi = Ej, Fio = Ej, Foo = 0; F12 = B,, Fo1 = B,, Fi3 = By,
Fs1 = By, Fa3 = By, Fs2 = By, and the rest zeros.

Maxwell's equations can then be written

@F =4j =c (332)
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which includesr E=4 andr B=c!@+4 j=c and
@F + @F + @F =0; (333)

which includesr B=0andr E+c @B =0.
Lorentz invariants areF F =2(E? B?)and Det(F)=(E B)2
Lorentz Transformations of the Fields

For a boost with velocity ~ we have

Ej = Ej; (334)
B = Bj (335)

and
ES= (E»+~ B) (336)

and
BJ= (B ~ E) (337)

For a physical idea of the transformations, consider a chagd capacitor with surface
charge density %in its rest frame and plate separatiord. ( g)

Place the capacitor plates perpendicular to the directionfanotion (x). In the lab frame
K the capacitor moves with speedy. SinceEj‘J? =4 © and the area does not contract with
this motion as seen in KE; = Ef. There is no surface current either,

Now rotate the plates 90 degrees so that they are parallel tdhé direction of motion,
parallel to the x-z plane. Now the perpendicular electric & E, = Ef,’ because the surface
charge density as seen in K increases from the Lorentz comttian along the direction of
motion (length of plate appears smaller). Now since the cuent and charge density transform
as a 4-vector we have

j= (% v =d (338)
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and sincej®= 0 we have the only component, = v, %d Now the current is also given by
r  B. Since the only direction of variation is perpendicular tohe plates, (they direction
in the K frame) we have

(r B)x = @Bz =4 | x=c; (339)

so that
B," 4j d=c=4 v , ¢ (340)
We can see that this result also follows directly from (337) mich gives
B,= (BY+ «EJ)=4 v’ (341)
sinceB2 = 0. This exempli es one restricted case of the transformatins above.
Fields of Uniformly Moving Charge

We want to apply the transformation relations for the elds to a charge moving with
constant velocity alongx. In the primed (rest) frame we have

EQ= gx=r® B =0 (342)
E = qy=r® B) =0 (343)
E?= qZ=r® B =0; (344)
with 1% = (x® + y@ + z®)=2 We use the inverse transform for the relations (334-337),
(! , and switch primed and unprimed quantities) to nd
Ex = qx&r®; B, =0 (345)
Ey=qy%r® B,= q z %r® (346)
E,=qz=r® B,=q y &r® (347)

But these are in the primed coordinates. We can transform tonprimed coordinates by
using the simple coordinate transformations to get

Ex=9 (x vt)=r%; B, =0 (348)
E,=qy=r® By= q z=r? (349)
E,=qz=F;, B,=q y=r 3 (350)

with now r = ( 2(x  vt)®+ y2+ z2)1=2,

Now let's see that these elds are exactly the same as thoserided from retarded
time and the Lienard-Wichart potentials. In particular, we show that the electric elds just
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calculated are the same as the rst term on the right of (242) hich is the constant velocity
(including zero velocity) contribution to the electric eld. Lett, s =t R=¢ z=0. g4.5

Then we have
R?2=y?+(x vt+ VR=0? (351)

so solving forR gives
R= 2 (x v+ (y?+ 2%(x )’ (352)
The unit vector to the eld point from the retarded time position is then

A= y¢ +(x vt+ VR=0R)

= (353)
and
=1 n “=(y*+ *(x vt)H)H’=R: (354)
Thus q Rq
RT3 (e A< VR (39
If we combine the last 3 equations with (348) (349), and (35Qye have
=g @ H=R? (356)

which is the same result we get for the velocity eld of a movip charge from the Lenard-
Wiechart potentials.
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LECTURE 11
Field from a strongly relativistic charge

g4.6

For >> 1 at eld pointat x =0;y = bwe have

_ qu t B =

Ex = (W + )2 By=0 (357)
_ qb . B. =

Ey = (A + )2 By=0 (358)
E.=0; B,= Ey, E (359)

Fields are are concentrated mainly in plane transverse to ron (Eydirection) in cone of
angle E (found from ratio of (Ex=Ey)max). Book calculates spectrum for this uniformly
moving particle. The key point is that the spectrum has peakat frequency given by £ t =

v=b which is the time period for which the electric eld is signi cant{very short{thus a very

narrow peak in spectrum.E%(!) EJ( 1)* (q=b?)*(b=v)> =(bPVv?).

g4.7

Relativistic Mechanics

The four-momentum of a particle is given by

p=mu =mu =m(c; v)=(E=c; mv): (360)
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Expanding the zeroth component in the non-relativistic regne
pPlc=mc*(1 %) FP=m(E+ v=2)+ (361)

which is the rest energy plus the kinetic energy. The norm is

pp = m’= E?=Z+ p? (362)
or
E2= m2c*+ Zp? = ( mc?)? (363)
For a photon we have
p = 5-(1=c: k) (364)
andpp =0.

If we take the derivative with respect to the proper time ( a Loentz invariant scalar)
we have the acceleration 4-vector.
a =du=d: (365)

The generalization of Newton's law is
F =ma: (366)

Note that m
Fu-= Ed(u u)=d =0: (367)

This implies that 4-surfaces oli and F are orthogonal, so that as you move alon§ as a
function of its parameters, you are moving along di erent $lanes inu . This means that
the four force is a function ofu so 4-force has a dependence on 4-velocity.

For the case of the electromagnetic eld, the covariant genaization of the Lorentz
force
F=qgqE+v B=c (368)

can be written in terms of the electromagnetic tensor as
F =%Fu = ma : (369)
This indeed has a Oth component which reduces to
dw=dt= g v (370)

and the ith components
dp=dt=gE +(v B);=c: (371)
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Total Emission from Relativistic Particles

Move into \local Lorentz frame." Even if particle is acceleating, we can move into a
frame for which particle moves non-relativistically for sbrt times away from the initial time.
Then we use the dipole formula, and then transform back to laframe.

The radiation has zero momentum for \front-back symmetric"emission in this comoving
frame. Using the lorentz transformation for the momentum ath positon 4-vectors only the
zeroth components then matters in the primed (co-moving) fme and we have and

dw = dw % dt= dt?® (372)
Thus
dWw:dt®= dw=dt: (373)
The non-relativistic dipole formula is
207 207
—po- 4 e_ &4
P—P—gcga 3Cgaa (374)

where the last equality follows because in the instantanesuest frame of the emitting par-
ticle, a ° = (0; a).

We can write this in terms of the 3-vector acceleration by qumg the result that

ad = 3g (375)
and
a = “a (376)
> _2F o 2 4, 2.2.
P = ga = 38 (a5 + “&): (377)
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LECTURE 12
Angular Distribution of Emitted and Received Power

g4.9

Now considerdW? emitted into angled °= sin d d © where °is to the x-axis. Let
= cos and %= cos® We do not assume forward backward symmetry here so the
momentum is not zero. Then

dw = (dW°+ vdl)= 1+ 9dw® (378)

using the relation between photon energy and momentum. Fro(317) we have

Ot
=1+ o (379)
so that di erentiating and using d = d °we get
d 0
Thus
dw=d= 3@+ 93dw%d 9 (381)

To get the di erential emitted power in the lab frame we divice by the time as determined
from time dilation dt = dt°.

To get an observed di erential power we must include the Dogpr e ect so that dtyps =
(1 )dt? from (320).

We then have
dPe=d = ?(1+ 93%dP%d °= ‘@1 ) 3dP%:d @ (382)
without taking into account Doppler but just time dilation and

dPyps=d = 41+ 9%dP%d °= 41 ) 4dP%d © (383)
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when we do take into account Doppler e ect. | have used the ievse of (322) and the
principle that we can interchange primed with un-primed vaibles and change the sign of
v to obtain the inverse transformation. The factor 4(1 ) 4is peaked near = 0 for
small which is highlights the beaming e ect described earlier.

(g 4.10)

Apply to a moving particle. Recall that in the non-relativisic regime (and thus the
proper frame here)

2 @
ey 0= I3 2 0
dP=d 4(:33|n (384)
Thus
7 (Za§+'a%)- 2 o
dP=d = 2c3 T sin“ 7 (385)
where we have used (375) and (376).
acceleration jj velocity: Then °= 0so
9 0. . 20. Sin? .
sin© "= sin© "= 20 2 (386)
using the inverse of (317). Then
__ ¢ , sin®
dp;=d = 4C3aﬂ (1 )6 (387)

for acceleration ? velocity Then Cos °= cos %in °so

2 0. sin? cos?
sin 1 72(1 2" (388)
Then ) L L, !
I sin? cos
dP,=d = 1 389
? Ac3 @) 21 )2 (389)
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extreme relativistic limit

Since

1
=(1 1=?»¥ 1 573 (390)
and
=cos =1 222 (391)
we have
] 1 + 2 2 .
(1 ) —57 (392)
and (387) becomes
1(3an]% 12 2
dP=d = — 5 @x 276 (393)
while (389) becomes
22 2 2 + 44
dP, =d = dg°a; 4(1 2 © “co ). (394)

c3 (L+ 22)8
Notice the dependence on, the angle traced in the plane perpendicular te.

(g 4.11)

The beaming as a result of the factors is highlighted in the gures. Notice that the
maximum powers occur for 1= in the case of parallel acceleration, and< 1= for
perpendicular acceleration. Note also the non-azimuthaysmetry for the

Speci ¢ Intensity and Invariants

Consider group of particles moving along in comoving frame with phase space measure
d®x%ep% There is slight spread in momentum but not in energy: this ibecause the energy
of a single particle in this frame iSE®= mc? + mu®=2 + ::  mc?, which follows because
u® 0 in the comoving frame, so deviations fronu®= 0 are quadratic in u®, and we ignore
second order term in the co-moving frame. This implies thattmse space measure is invariant
becaused®x ! d®x% , but dp, = (dp? + dE=c), and sincedE = 0 the result of invariant
phase-space measure follows.
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So d®xd®p is an invariant and thus dN=c®xd®p = f (x;p;t) is also an invariant. But
we related the latter to the intensity in equation (18):

X
| =
=1

(h* *=C)f (x;p;1): (395)

2

sol = % s an invariant, as isS = 8.

Now let us nd the transformation property of the absorptioncoe cient . Consider
thickness| of material of material moving alongx with . The optical depth as seen by
an observer at angle=2 to the vertical is invariant sincee measures the fraction of
photons passing through material.

g 4.12

Then
= (I=sin )=  (I=sin ) (396)

is invariant, but sin is the vertical momentum component and is perpendicular to the
direction of motion, so these quantities are not a ected byte motion along thex axis.
Thus must be an invariant.

Since the emission coecientf =S = ndP=d d ,j = 2is also an invariant.
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LECTURE 13
Bremsstrahlung =Free-Free process
Radiation from acceleration of charge in Coulomb eld of artber charge.

Quantum treatment required, as process can produce photonsmparable in energy to that
of emitting particle, but do classical treatment rst.

Bremsstrahlung is zero in dipole approximation for two of ta same type of particles: think
of diplole moment for like particles: its zero.

Electrons provide most of the radiation since acceleratiois inversely proportional to mass.
Emission from Single Speed Electrons

Consider electron moving in eld of nearly stationary ion (& origin).

Consider small-angle scattering regime.
Consider electron of charge e moving past ion of chargeZe with impact parameter b.

gs5.1

Dipole moment isd = eR whereR is the separation, and so
4= ey (397)

so Fourier transform gives z,
1 2(1 ) = 23 ve" dt: (398)
1

Consider asymptotic limits of large and small frequenciesSince b=vis the interac-
tion time, then the integral mainly contributes over this time.
When! >> 1 exponential oscillates rapidly and integral is small.

When! << 1 exponential is unity so
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e

o1 2 V; (399)
with v the change in velocity over the interaction time.
Using .
L L (400)
we have

aw _ 2¢

G —3031 V)< (401)

The acceleration is mainly perpendicular to the electron ph in the small angle approx-
imation. The change in velocity is then found by integratingthe perpendicular component

of acceleration:
z z

1
V= adt=(e’Z=my) bl + v2t?)%2dt = 2€’Z=m_bv; (402)
1

where we are in the << 1 limit, and extend the integral to in nity.

For small angle scatterings then

dwW _ 8ez2
d 3c3m2va?

(403)

For! << 1 and O otherwise.

To get the total energy per unit frequency for a number dengitof ionsn; and electrons
ne with velocity v, we note that the ux of electrons per ion isngv. Then, the number of
electrons per unit time per ion that interact isngv2 bdb. Then multiplying by the number
density of ions and integrating, we have

dw 21

. : =d! .
digva =2 NNV (@W(=d!)bdb: (404)

The main contribution to the integral, by assumption of our egime, is for! << 1 or
b <<v=! and so substitute (403) for the integrand
dw 16Z2€°

didv dt = 3C3mgvnine In (brmax =bnin ) (405)

bhax = v=!. There are two possibilities fo,, . One is classical, when v = v (i.e. the
limit de ned by when small angle approximation becomes inval). From (402) this is

4ze?
m V2

Bmin =

(406)
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Second is the quantum limit x p= h=2 = byngmv h=2 , so
Bnin.g = h=mv: (407)

When bing < bmin , then classical treatment is ok. Wherbying > bmin then mv2 > Z 2Ry
Z2136eV. Here the interaction time is short, the scale is smallpa need quantum treatment.

Convention is to write the intergal with either limit as a Gaunt factor g (v;!) so

dW 167 %

dldvdt 3" 3c3m2v

Ni NG : (408)

The Gaunt factor is of order 1 usually.
Thermal Bremsstrahlung Emission = Thermal Free-Free Emiss ion

We can integrate single speed expression above over therrdatribution of electrons.
The probability for electron to have velocity in ranged®v for an isotropic distribution of
velocities is

dQ = e EH By = v2e ™ KT gy (409)

A subtlety is that the lower bound for the velocity must satify 2h < mv 2, so that
photon can be produced (remember we are in non-relativistarlit so relevant energy is
mv?=2). Then

R 2=
dW(T;!1) _ ., [dW(y;!)=dV didt]v?e ™ =T dv

dV dtd! o V2e mvZ=2KT dy (410)
The emission coe cient is then given by:
. dW(T;! - _
4i" = & = 7dv(dtd') =6:8 10 ¥Z%n.nT 2 "IT gy (T; ):  (411)

Note the dependence on the number density squared fog = n;.

The Gaunt factors tend to be of order a few for a wide range of leeity. (problem in
book g 5.3 with the Gaunt factor X-axis graph. u = h =kT)

Note that the exponential tail is due to the cuto in the veloaty. Also, the spectrum is
more or less at until h =kT 1.

To get the total power per volume, one integrates over freqoey. This ultimately gives

I !
dw 2kT 2 32e6

dtdv 3 3hm3=23 Z%nenigs (T) =10 *'T*?nen;Z%gs (T): (412)
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wheregg (T) is frequency averaged Gaunt factor.
Thermal Bremsstrahlung Absorption = Thermal Free-Free Abs orption

Consider electron absorbing radiation while moving in eldf an ion. (Free-free absorp-
tion).

For thermal processes we have Kircho 's law
i = "B (T); (413)

where ' is the free-free abs. coe cient andj is the associated emission coe cient as
above. Plugging in for the Planck function and using™ above we have

In the Rayleigh-Jeans regimén =kT << 1, expand exponential and then:

M =0:0187 *?Z%nn; gy (414)

In the limit h >> kT |, the Wien regime, we have instead

T =37 10T Y?Z%nine g : (415)

Recall that the Rosseland mean absorption coe cient was deed when we considered
plane-parallel atmospheres in the limit of Kircho s law at hrge optical depths leading to

16T *@T
F = —_— 416
D= S —&; (416)
For Bremsstrahlung,
R
1 _ o +Erd 1 _ 1)
i o 28d 17 10 5T "2Z2nenige’

Relativistic Bremsstrahlung

One can use the method of virtual quanta to get a relativisticorrection to Bremsstrahlung
emission. (Electrons moving relativistically). Ultimatdy, we want a correction in the lab
frame, in which the electron is moving. Here is the procedure

1) First move to rest frame of electron.

2) The electron sees the ion's eld as pulse of electromagitetadiation emitted by the
ion (the virtual quanta). This pulse is scattered by the eletton.

3) Then transform back to the rest frame of the ion to get the ermasion.
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Roughly, consider the pulse of virtual quanta in the electm frame dW%dAY! © Then
project out the scattered part by multiplying by the electran scattering cross section. (;
for low freqh << mc 2). This gives

(dW:d! 9. = +dWEdAY! @ (418)

Then note that dw? and d! ° transform the same way under a Lorentz transformation. So
that
(dW=d!)sc = (dW=d! Y. (419)

Then appeal to forward backward symmetry of the scatteringand write primed frame
quantities such as! °® and B’ in terms of quantities in the unprimed frame by a Lorentz
transformation.

For a thermal distribution of electrons, one must integratever the thermal distribution
function. Then frequency integrating, one obtains

Z
dWw=dvdt=4 jd =1:4 10 ?Z?geT*nins(1+4:4 10 °T): (420)

The second term on the right is the relativistic correction.Important for quite large tem-
peratures.
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LECTURE 14
Synchrotron Radiation

Radiation of particles (e.g. electrons) gyrating around a agnetic eld is called cy-
clotron radiation when the electrons are non-relativisticand synchrotron radiation when
the electrons are relativistic. The spectrum of cyclotron maission frequency is a peak at
the frequency of gyration. Synchrotron frequency picks upidfher harmonics and is not as
simple.

Total emitted synchrotron power:

Motion of a particle in a magnetic eld is governed by

a = —Fu (421)
mc
with components
_qv B
d( V)=~ (422)
and o E
d = e =0: (423)
Thus andjvj? are constants so
du=%_B (424)
YT me
and
d tVj = 0 (425)
and q
div, = mcv? B: (426)
g6.1

The magnitude ofv is a constant, and the parallel component is unchanged, theation
represents helical motion along a magnetic eld. This is aular motion in the frame where
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vj = 0. The gyration frequency is!g = qB=mc. The acceleration &, = !gV,) is
perpendicular to the velocity and so the power emitted is
207 207 27 2
P = gaoz = @ 4(a§ + 2a§) = @ 4a§ = él‘gc g ZBZ; (427)

where we are now assuming that the electrons are raditating s, = €2=mec? is the classical
elecron radius as de ned earlier.

If we average over pitch angles 0 then
2 Z 2 2
h g| = 4— Sin2 d = ?: (428)
Then
4 4 4
P =30 ° "B*= 3 1C® "Un" 3 7C “Un: (429)

where 1 =8r $=3.
Spectrum of Synchrotron Radiation

g6.2

To estimate this, note that observer sees emission duringghtime the particle moves
from point 1 to 2 below. Consider the extremely relativisticegime >> 1.

The emission from synchrotron radiation will be spread ovex broader range of frequency
than just the gyro-frequency because the time interval ovexhich observer sees emission is

much smaller than the gyro-frequency. The uncertainty retgon then implies the broader
spectrum.

Radius of curvature isa= s= . We see that =2= so s= 2, The radius of
curvature is also given byasin = v=!g, which follows from

m —‘t’ =(a=gv B = mvi— (430)

wherej vij=v and s=v t.
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Thus
a= s= = mcv=gBsin = v=lgsin; (431)

where is the pitch angle. Therefore

s=2v=1!gsin: (432)

The particle passes between points 1 and 2 in a tintg t; so that

2
t, t SV ——— 433
(tz t2) s (433)
De ning ta; and ta, as the arrival times of radiation at the observation point fom points 1
and 2, the dierenceta, ta;isless thant, t; by an amount s=¢ which is the time for

radiation to move s. Thus

2
—1 =0: 434
(taz  taz1) o sin (1 v=9 (434)
For v c this becomes 1
t t —_ 435
(taz  ta1) 31 5sin (435)

Thus for a nite pitch angle, observed pulse duration is 3 times smaller than gyro-
period. Pulse frequency cuto will be something like

le 1= ta = 3lgsin: (436)

g 6.3

Now since the electric eld, as re ected in (393) and (394) i®nly a function of the
product , we can writeE(t) = F( ), with t in the lab frame. Lets = t = 0 when pulse
is along the axis of the observer. Then

t= ta=(s=v)(1 v=0: (437)

and
(s=a); (438)
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S0 vt
= 2 00 = 341 i |t

@ v=da 2 “°tl gsin It (439)

Thus
E() 7 9! ct): (440)
The Fourier transform is then
zZ, _
E()/ g( )e'™ <d; (441)
1

where =1 .t.

The spectrumdW=d!d / E?2. Integrating over solid angle and dividing by the orbital
period gives the time averaged power per frequency

dW=dtd! = (! g=2 )dwW=d! = P(!1 )= KF (I=! ); (442)

whereK is a constant which can be xed by integrating and comparingd the total power
derived earlier. Since the total power emitted for 1 is given by

20*B? 2sin? z z
Prot q43m—203 =K F(=! gdl =1 K F()d; (443)
where I=l .. Then using
S
gBsin
| = T
e o (444)
3

P(1)= KF (1= 9= | KF ()d=d! = = =¢BsinF ('=! o); (445)

where the numerical integral factor is arbitrary, and comefrom choice of normalization of
the dimensionless integral.

Spectral Index for power law electron distribution

Often the emission spectrum can be described by a power law frequency for some
range. That is,
P(!)/ ! (446)

wheres is the spectral index. Electrons also often follow a powenadistribution when they
have been accelerated. For relativistic electrons, considan energy distribution

N()d =C Pd: (447)

Then the total power radiated is given by
Z 2 Z 2
Pot(!)=C P(!) Pd / F(=! o) Pd: (448)

1 1
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If we change variables of integration to«  !=! ;anduse! ./ 3g/ 2 we get

1p z X2 p 3
Pa(!)/ !77  F(x)x7 dx: (449)

X1
For wide enough frequency limits, takex; O andx, 1 . Then we have
z 1
1 p p 3
Pot(')/ ! 2 . F(x)x z dx: (450)

The spectral index is then related to the particle distributon index:

p 1
=F - 451
5= (451)
For shocks,p is often 2 4 so spectral index is & 1:5. Relevant for radio jets in AGN
(e.g. Blackman 1996).

Note that F(x) is something like a Gaunt factor, but it is narrowly peaked Blping to
justify the assumption of wide limits of integration. g 6.6

Summary of Results: (1) emission into4 half angle, (2) emission up to critical fre-
quency ! . and dependence only on=! ., and (3) spectral index for power law electron
distribution is s=(p 1)=2.
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LECTURE 15
Synchrotron Radiation Polarization

Notice that for an electron, the emission is elliptically plarized as the electron moves
around the eld line. Looking inside the cone of maximal emsson, the electron moves
around counterclockwise and the emission is left circulgrpolarized. Seen from outside the
cone of maximal emission the electron appears to move clock® and the emission is right

circularly polarized.

For a distribution of particles that varies relatively smoahly with Sin , the elliptical
polarization should cancel and we would get a linear polaga#on, largely in plane perpen-
dicular to the magnetic eld. g 6.5

The power perpendicular and parallel to the magnetic eld aprojected onto the plane
of the sky can then be used to calculate the polarization. Fgrarticles of a single energy
P. Py,

The frequency integrated value is U5. For a power law distribution N( ) / P, the
polarization is

P? Pj' p+ 1
= : 4

Note that the larger p the higher the polarization. Why?
Transformation from Cyclotron to Synchrotron Radiation

For low energies the electric eld oscillates with the samedquency of gyration of the
electron around the magnetic eld. This produces a singlerle in the emission spectrum. g

6.8 ab
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For slightly higher energies, the beaming kicks in and so tH&- eld is stronger when the
particles move toward the observer. As this e ect increasdsr larger and larger velocities,
the spectrum picks up multiple harmonics as shown in the expaion discussed earlier in the
course. g 6.10 ab

Eventually mapping out the F (!=! ;) function.

The spectrum becomes continuous for a system in which thereeaa distribution of
particle energies, or for which the eld is not exactly unifom. The electric eld received by
observer from a distribution of particles is the random supposition of many pulses. The
spectrum is the sum of the spectra from the individual pulsess long as the average distance
between particles is larger than a gyro-radius.

Distinction Between Emitted and Received Power

Emitted power is not equal to received power. We need to codsr the Doppler e ect
as the particle moves toward us. g 6.11

Thus for period of the projected motion ofT = 2 =! g, we have the period measured
by the received emission.

2 .
To=T(1 Vjjcos =)=T(Q1 %0052 )= I_S|n2 (454)
- B
forv=c.

The fundamental observed frequency isz =sin? . This implies that the spacing between
harmonics is larger, being g=sin? .
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Recall that we got the emitted power by dividing by! g, so now we have instead
Pe

Sin? (455)

r =

Should we include this in astrophysical situations?

In fact not usually. This is because in general the gammas dfg particles are large
compared to the gamma of the bulk ow, and are often more or lssrandomly moving.
When the particle moves toward the observer, the power is ireased bysin? but the
particle emission only arrives to the observer per periodrfa time T=sin?> . g 6.13 g S.8

We can see this as follows. If the time to travel the bottle h&lway is t=2 as measured
by the observer with proper clocks, then the correction forie Doppler e ect is

tE(l V;COS =C) = %(1 vcog =¢) ' (t=2)sin?: (456)

Suppose we arrange the bottle such that2 = =! g. Then the cancellation with the factor
for the observed power follows: That is

P.=sin? )(2 sin 2 =!
Prove L 2)(:, : 2) _ p, (457)

Synchrotron self-absorption

Photons emitted by synchrotron can be re-absorbed. Or sucthgtons can stimulate
more emission in some component of phase space where photdready exist. (Stimulated
emission).

There is one state for each element of phase spdte We break up the continuous
volume in to discrete elements of sizk® and consider transitions between states.

We must sum over all upper and lower states. We can use the Eiem coe cient
formalism. We then have for the absorption coe cient, assunimg a tangled magnetic eld
and isotropic particle distribution (thus assuming isotrqy)

X X
=(h=4) [N(E1)B12  Nn(E2)B2i] 21( ): (458)

E1 E>
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The () is approximately a delta function restricting sum to stats dieringby h = E, E;.

We want to relate the Einstein coe cients to (445), the micrascopic components of
emission. We write
P(;E2)=2P () (459)

where is the frequency andE; is the energy of the radiating electron.

In terms of the Einstein coe cients and using Einstein relatons:

X X
P(;E2)=nh Az 21( ) =(2h 3=cA)h Bo1 21( ); (460)

Eq E:

where Einstein relations have been used. Note there are natsitical weights.

Thus for stimulated emission we have

h X X ¢
e N(E2)B21 21= s N(E2)P(E?) (461)
4 - c 8h 3 _
1 2 2
and for true absorption

h X X ¢

7 N(E)Biz 21= go— (B2 h)P(E2); (462)
E1 E» E>

where we useB,; = Bj,. Note that the argument of n corresponds to those particles which
have radiated. Thus, plug into (458) to obtain
C2

= ot IE h) nEIP(E.) (463)
E2

Now consider an isotropic electron distributionf (p) such that f (p)d®p is the number
density of electrons within momentum rangei®p.

The number of quantum states per volume rangé’pis h 2 d3p, where =2 is the sta-
tistical weight for electrons. Electron density per quantm state is thenf (p)d®p=h 2 d3p =
(h3=)f (p). Thus we can make the following exchanges: number density/then

n(Ez) ! (h*=)f (p); (464)
and sum over quantum states is then

Z
I (=h% d®p,: (465)
2
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We then have 2 .
= gn s TRf(P) F(RIPGED); (466)

where the labels the momentum for theE, h energy. The reason for keeping the 2 is
to remind us that it is the 2 which labeled the initial energy tate of particles that radiate.

Note that for a thermal distribution of particles

f(p)= Ce EMT: (467)
We note that
f(py) f(p)= Ce B2 ")FT CeP2™T = f(p)(" ™7 1) (468)
o) 2 7
= ST 3(eh K1) Bpof (p)P(GE ): (469)

The integral is just the total power per frequency for isotrpic thermal emission here, which
is4j . Thus _
J
. = — 47
;ther B (T) ( 0)

which is Kircho 's law as expected.

Using energy rather than momentum for the distribution funton, we have, assuming
E = pcfor extremely relativistic particles,

N (E)dE =4 p ?f (p)dp (471)
SO 7 ]
o N(E h) N(E)
~ 8h 3 (E h)2 E2
Now assumeh << E as required for classical e&m. Then from the de nition of the
derivative (e.g. expanding for smalh )

P(;E)E?dE: (472)

¢Z _ _,@ NE
g 2 P(;E)E @E 2

dE: (473)

Then for thermal distribution of ultra-relativistic parti cles
N(E)= CEZ2e BT (474)

This leads to 7
C2
ther = 3 KT N(E)P(;E)dE =

j @

2 KT (475)
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which is Kircho 's law for the Rayleigh-Jeans regime.
For a power-law distribution, we have

2 N(E)

dE  E?

_ w _ (P+2N(E)
=(p+2)CE O = 252

(476)

> _ (p+2)&?

8 2

N (E)

dEP(iE )~ ~ (477)

Recall that in (449) we ignored ignored the hiddere dependence in the bounds of of
the integral. We do the same here. This allows us to avoid theéefjuency dependence in
P(;E) (the emission for a single particle, peaked nedr! ) since we will just leave it in
the integrand as in (444). After changing variables fronkE to to ! .=!, the frequency
dependence in (477) then becomes

/ (Pr)=2¢1=2 42 = (p+4)